Introduction
The linear heat equation can be expressed in the form:
or equivalently:
Introducing a non-linear term to eq. (2) results in:
where the non-linear term is a function of u t and u x . For simplicity, we write:
We, therefore, obtain the following non-linear heat equation:
This equation has some special solution properties, which can explain some thermal phenomena.
--------------
Linear stability analysis
Consider a periodic boundary condition:
where p is a constant.
The periodic condition arises in many thermal problems, for example, heat conduction in an oscillation aerofoil and nuclear reaction.
Assume that u 0 is the solution of eq. (6), and we consider a small perturbation of the solution in the form:
Substituting (8) into (6) and keeping only the linear term, we obtain:
Introducing a new variable ν defined as ν = ε t , we have:
where ε xx = -k 2 ε, then the eigenvalues for this matrix are:
Exact homoclinic orbits and solitary solutions Equation (6) can be solved by various methods [1] [2] [3] [4] [5] , such as the homotopy perturbation method [3] , the exp-function method [4, 5] . According to the Hirota method [1, 2] , we introduce a transformation in the form:
Equation (6) can be transformed into the following bi-linear equation: 
where c is the integration constant and the Hirota bi-linear operator D is defined by:
In order to explain the periodic thermal shock, we search for a solution in the form: 
where b 1 , and ω are arbitrary constants.
It is obvious that u tends to zero when t → +∞ or t → −∞ , and it is a homoclinic orbit of eq. (6), its dynamic structure is shown in fig. 1 .
The non-linear heat equation behaves sometimes also soliton in the form: 
